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A conjecture of Z. Ditzian on Bernstein polynomials is proved. This yields
additional information on the problem of characterizing the rate of convergence for
Bernstein polynomials. Ir, 1992 Academic Press. Inc.

The Bernstein polynomials on C[O, 1] are given by

/l

where

B/l(f, x) = 2: f(k/n) P/lk(x),
k~O

(n) k n kPnk(x)= k x (I-x) - .

11', )

(2)

The relation between the rate of the polynomials' convergence and the
smoothness of the function they approximate has been investigated in
many papers. Some of these results can be stated in the following theorem.

THEOREM A. For fEC[O, 1], X=x(I-x), O~(l<2, O<P<2, the
following statements are equivalent:

(1) X-~!2IB/l(f,x)-f(x)I~Min-fii2; (3)

(2) X-~/2If(x-t)-2f(x)+f(x+t)I~M2(t2/X){3/2. (4)

Here M l' M 2 are constants independent of n, x, and t.

In 1972, H. Berens and G. G. Lorentz [1] proved this theorem for (X = p.
M. Becker [2] gave an elementary proof of this case. The case !X = 0 was
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proved by Z. Ditzian [3J and V. Totik [9]. Z. Ditzian [4J proved this
theorem for °~ IX ~ f3 < 2 as well in 1980.

Theorem A had remained open for the case 2 > IX > f3 > °for a few years.
In 1987, Z. Ditzian [5J gave the proof of this case with the restriction
IX + f3 ~ 2. In that paper he also gave the following conjecture which allows
us to complete the proof for the remaining cases. In this paper we give a
proof of this conjecture, and show that Theorem A holds.

THEOREM (Conjecture of Z. Ditzian). Suppose for °< f3 < IX < 2,
f E C[O, 1J satisfies f(O) = f(l) =°and

x- ot
/
2 If(x - t) - 2f(x) + f(x + t)1 ~ (t 2/X)[3/2 (5)

for any x E (0, 1), x ± t E [0, 1J; then we must have for the case IX + f3 > 2

(1) f(x)=A 1x+ fl(X),

where fl(X) = 0(X(0<+[3)/2) as x --+ 0+;

(2) f(x)=A 2(1-x)+f2(x),

Proof We need only prove (1).

From (5), we have for XE (O,!)

If(x) - 2f(x/2)1 ~X(0<+[3)/2,

which implies

1f(x)jx - 2f(x/2)/xl ~ X(0<+[3)/2-1. (6)

Define gAx)=2nf(x/2 n )/x for xE[L !J, then gnECU,!J. For these
functions we have from (6) for n E N, pEN, x E U, !J

n+p

~ L (21-(0<+[3)/2)k-l.
k~n+l
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Thus by IX + P> 2, we know that {g,,} is convergent unifonnly on
U, ! J. So we can define

g(x) = lim g,,(x) = lim 2"f(x/2")/x.
12.......j.:f.) n-- x

(7)

thengEC[L!J.
Now we prove that g is constant on 0, !J.
Let h(x)=xg(x). From (5), for XEU,!J, fE(O,n X±fEU,!J, and

nEN, we have

If((x - t}/2") - 2f(x/2") + f((x + t)/2"ll ~ tPx(~ - fJi2 2 -niH /3),2

and

By letting 11 -> 00, we have from the definition of h

h(x-t)-2h(x)+h(x+t)=O,

where x, x ± tEn, !J are arbitrary. From this fact, we know [8J that h
is linear on U, !], say,

h(x) = ax+ b.

Hence g(x) = a + blx.
Now from (7), we know that

g(!) = g( ~) = lim 2"f(2 -Ill;
12-lo·X

therefore, we must have b = °and

g(x) = a. (8)

On the other hand, as for every x E(0, ±), there exists 110 such that
X2"oE U, !]; in view of (7) and (8) we get

lim 2"f(X);'x= lim ")"-,,of( x2
no

)!(X2no )=a x>=(O 1)n----+.x, 2n,~ n-flO----+oc,· 2n- 1I()/ ,,., ..... '4'

Thus, by (6),

where the constant C is independent of n and x by iX + P> 2.

640'69 :::-5
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By letting n -+ CfJ, we have for any x E (0, ~)

If(x) - axl,,:;: Cx(<x+Pl/2.

The proof is complete.

Proof of Theorem A (For 2 > IX > f3 > °and IX + f3 > 2). By [1], we need
only prove that (4) implies (3).

It is sufficient for us to prove the theorem on [0, !], and to prove from
(4) that

(9)

(10)

with a constant M 1 independent of n and x E [0, !].
In this case we can assume thatfl[3/4,1] =0 and If(x)1 ,,:;:MX(HPl/2 with

the constant M independent of x E [0, 1]. We divide the proof into two
parts.

For °< x,,:;: 2/n, the proof is easy:

n

IEnef, x) -f(x)1 ,,:;: M L (k/n)(HPl/2-1 kPnk(x)/n + MX(HPl/2
k=O

n

~Mx " (k/n)(<x+ Pl/2- 1p (x) + MX(<x+ Pl/2'" L n-l,k-l
k=1

(

n 2(k-l) ~(<X+Pl/2-1
,,:;:Mxn1

-(<X+ PJ/2+Mx L 1 Pn- 1,k-1(X)
k~2 n-

+ MX(<x+Pl/2

,,:;: 8Mx <x/2 n -P/2.

For ! ~ x > 2/n, n ~ 8, let d = (x/n )1/2 < x and define a Steklov function
as

fI
d!'

fAt) = (2/d)2 0 - (2f(t+u+v)-f(t+2u+2v»dudv, (11)

where f has been extended to y E [1, 2] as f( y) = 0.
Then we have

and
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Thus we can estimate (9) as

171

:::;; 2M2 d PxY·-fh2 + M 2 d PB,,((t +df' - PJ 2, x)

+ 9M2d f3 - 2B" (f (t- u)(d(~-f3)2+ Ula-1il/2) du, X)

:::;; 4M2Xa2n-f3/2 +9M2d f3 - 2 ( dla-P) 2x/n

+ (x/n)1-(c<-f31/2(B" (f (t'- u}u du, x)ya-pi2)

(13)

where we have used the estimate

Bil (( (t - u}u du, x) = BA(t 3
- tx 2 }/2 - (t 3

- x 3 }/3, xl

= (B,,(t 3
, x) - x 3 )/6

:::;;xn- 2 +3x 2n- i

:::;; 4x 2/n.

Combining (10) and (13), we have proved (9) for n ;?; 8.
For n < 8, it is trivial since [B,,(f, x) - I(x)[ :::;; B,,(Mt, XI + Mx:::;; 2Mx:::;;

14Mx >i2 n --p/2. Our proof is therefore complete.
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